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Principles of Soil Mechanics:
YI—Elasti¢c Behavior of Sand and Clay

Testing Sand for Compressibility and Elasticity—Expansion and Resaturation—The Ideal Sand
Cube and the Effect of Lateral Expansion—Comparison with Solids

= BY DR. CHARLES TERZAGHI

i

N “STUDYING the difference in compressibility of

sand and clay, which constitutes the last item of the
observed characteristics as listed in the preceding article’
(Engineeritig ‘News-Record, Dec. 3, 1925, p. 912), the
elastic properties of sand ~were ‘investigatéd. For
this purpose a method was used similar to, that pre-
ylously applied to tests of the elastic properties’ of
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screw testing machine, pressure was increased at the
rate of about 1 kg./cm’. per minute fo about 7 kg./em™.
Then the machine was stopped-for 10 min. (horizontal
line gb) during which time the pressurs exerted by the
sand against the stationary piston decreased to about
5.5 kg./ecm®. Thereaftér the machine was again started
(curve be), the, load increasing to about 12 kg./cm’
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FIG. 1—STRESS-STRAIN CURVES FOR LOOSE AND COMPACTED SAND 10
_ 09
clay. The sand was poured into a steel ring. rest- 0
ing on top of a polished cast-iron slab, and either leit &
as deposited Jr compacted by hammering the outside a7
of thering. The surface was leveled with the ring,covered "
with a circular cast-iron plate, and loaded either by the
lever of a home-made loading device (low-pressure 05
tests) or by the piston of a Berew iesting machine E o
(medium- and high-pressure tests). The diameter of 0 20 40 60 80 100 10
Kg.per cnt=p

the ring used for the medium- and high-pressure tests
was 15 em. and its height 4 cm. Compressions were
measured by micrometer with the help of the inter-
ference contact indicator. Tests on dry sand and on
sand completely immersed in water showed no difference.
Fig. 1 gives in separate diagrams the results of tests
on loose and thoroughly compacted sand. In both cases
the sand was a pure quartz sand produced by crushing
white quartz pebbles, the product being sifted and
washed; the grain diameter was 0.25 to 1.00 mm.
In the test on loose sand the initial volume of voids
was 49,756 per cent (void-ratio 0.99). By means of a

. Again the machine was stopped, for 6 min. (éd), and

then the load was released down to about 1.5 kg./cm’.
and reapplied (ef), forming a complete hysteresis loop
and continuing the original stress-strain curve. A sec-
ond load c¢ycle was tried at higher load (loop %lm).
The time-pressure diagrams, (at right and above in
Fig. 1) show the pressure-décrease while the machine

- wag stopped. These curves are very similar tg the time-

pressure curves for clay cubes, and in fact they' Have
the same simple differential equation. The gradual
decrease of the pressure is due to a gradually proceed-
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ing mutual compensation of unbalanced frictional re-
gistances which et first-take up part of the load.

If, instead of keeping the compression consiant, we
eep the load constant, the cdmpression incredses at de-=
creasing rate,-and the-relation between time and com-
pression i8 in every réspect similar to the relation be-
tween time and compression for clay cubes under con-
stant load. | “

Expansion of Sand—In the test on compacted sand;
Fig. 1, the initial volume of voids was 40.2 per cent
(void-ratio. 0.678). THe stress-strain curve is less steep
than that for loose sand, while the hysteresis Joops of
both Hiagrams are almost identical, ‘The close relation-
ship between these!diagrams and the corresponding
diagrams for' clay is obvious. In both, the loading
cycles form curved hysteresis loops, In the sand dia-
grams, Fig. 1, the recurrent’ branrhes of these loops
are expansion lines, but they correspond im every re-
spect to.the resaturation lines of the clay diagrams, and
like the latter they ate logarithmic lines, ¢ == A log
(p - 2} -} C, where p is the external load (kg./em.'),
p; is an' initial constant having the dimensions of 2
pressure, A is the expansion coefficient of the sand, and
C is a constant depending on the initial density of the
santd. The expansion coefficient of sand corresponds to
the résaturation coéfficient of clay.

The expansion coefficient is almost independent of
the density of structure of the sand. It was found to be
equal to 1/100 for sand With very smooth grains and
1/176 for a sand with very rough grains, A very fat”
clay showed a resaturation enefficient of 1/22.3, a leaner
clay 1/52.7, and a sandy mud 1/78. Thus'sand is far
less elastic thah clay. The inore sand a clayey soil con-
tains the nearér its resaturation’ coefficient approaches:
the expansion.doefficiént of cledn sand.

Ont the! other hand the “initial pressure” pi depends
not only on the xE:ri‘ginal density of the sand but also on
the pressure at-which expansion begins, This effect
is due in part to the Band grains wedging together, in

‘part to breaking of* grains' by the pressure, which in

turn affects the'structure, As illustrating the latter
sction it fnay be mentioned that'a ‘safid which initfally
was clean and dust-free was found, after its surface had
been loaded: to 50*kg./cm? “to coniain 4.6 per cent of
dust particles. The average value of p: for sand (1.5
kg./em. for- mediuin to high pressures)’ is very:large,
compared to the value for clay ‘(approximately: 0.002
kg./em®)s | ) '

THe effect’of the unbalanced:internal stresses on:the
atress-striin turve depends on the rate of loading.
Under indefinitely *slow application of: load we would
obtain the r2duced stress-strain curve, shown by.a dash
line, How thid line depends' on the original density of
the sand is représented by the third diagram in Fig. 1.

Fig. 2 shows ’Eypical stress-atrain diagrams for a fat
clay; a loose sand 'and a dehse sand. The figure shows
plainly that the différence between the elastic propérties
represented by the three curves is one of degree only.
This difference, itein® (6) -of the differences listed in
the '‘préceding article, Dec.’8, is alself-evident conse-
quence of+the fact that cldy particles are'scale-like.
Sand can' be compared to a pile of broken stdne, while
‘clay’ resembles & mass ‘of flakes of paper. The higher
the sarid content of a clay; the legs compressible and the
less elastic it is: . ‘

"Poisson's ratio for clay -was computed from the lat-
eral pressure in 2 loaded layer whose lateral expansion
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FIG., 2—PRESSURE-VOID (STRESS-STRAIN) CURVES
FOR CLAY AND SAND

weas prevented by a rigid enclosing ring. In a similar
way Poisson's ratic for bamd was determined.. It has
the value of 5.0 (as compared with:11 for Cooper sand-
gtone, 5.1 fot.Troy granite, and 4.5 for Tuckahoe‘mar-
ble). Thus, while Poisson’s ratio for clay is approxi-
mately identical with that of metals, its value. for sand
corresponde to the average Poisson’s ratio.for crystal-
line rocls. 0 4

- Modulus of Elasticity of Sands+—Clay is capable of
being tested in the form of. an unconfined cube. The
particles of such & cube, before loading, are subject to
no foreé except'capillary -pressure; acting, like a, hydro-
gtatic pressure. Suppose the .clay pdrticles are. re-
placed by sand particles without changing the intensity
of the internal pressure; it is readily inferred that, as
gand and clay have gquite similar stress-strain diagrams
for compression when confined laterally, the stress-
strain curve of the sand cube would be of the same type
as that of a clay cube, which in turn wh$ found to re-
semble closely the stress-strain diagrams for a concrete
eube. ;

Of course it is not posgible to test sand cubes directly.
On acecount of the large voids of sand the capillary
pressure is very small, too small ‘to hold the particles
together. But on the other hand each cube-shaped
element of the backfilling 'of a retaining wall is com-
parable to our ideal sand.cube; capillary pressure is yve-
placed by the confining pressure of the surrounding’
material. - When the retaining wall is forced hori-
zontally against the backfilling, a cubical element of the
backfilling is subjected to forces guite like those acting
on @& compressed clay cube. Hence the stress-strain
diagram ought to be of sjmilar form. Experiment fully
confirms this,

When a retaining wall yields under the pressure of
the backfilling, any -cubical element of the backfilling
yndergoes horizontel elongation. This corresponds pre-
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cigsely to the atrain effect of a pull exeried on the ends
uf a clay prism, In such a clay prism the prinecipal
stresses at right angles to the pull are constant and
equal to the, capillary pressure, while ‘the principal
stress acting in the direction of the pull is a variable
compressive stress, equal to the difference between the
capillary pressure and the pull. This' residual sthess
. must obviously be a compression, not a tension, because
the pull cannot possibly exceed the intensity of the
capiflary pressure. But this residual compressive atress

decreases as the elongation of.the prism increases. In’

the,.same way, the lateral earth pressure exerted by a
cohesionless mass of sand against a yielding retaiding
“wall must evidently decreaﬂe as the yield of the wall
increases.

A confirmatory egperiment is represented in Fig. 3
Two rigid vessels A and B, of similar, form, are filled
with sand as’shown. .Close to the side of each vessel
and just above midheight there is within the sand a
horizontal steel tape set on edge, between two sheets of
smooth paper In vessel A the tape is pressed against
‘the wall b,v what I have called thc-r' earth pressure at rest
'of the sand since near thé tape 'the sand undergoes no
{ateral expansion after its depnaitmn In vessel B, on
the other hand, the upper half of the sand body rests on
the surface of the compressible lower half of the Eand
body, and this lower hﬁlf cnmp'i‘eés'ea during the filling
process, each layer+moving duwnwai*d and (because of
the splay of the sides of the vessel) expanding laterally
ag it moves down. “According to the theory above sug-
gested this expansion ought to, decrease the lateral
pressure of the sand. Individual meagurements of the
force required .to pull the tape, are plotted in the figure
separately for'veggels 4 and B; in each case the lower
group of points refers to the unloaded sand, while the
upper.set was obtained when,a weight of 265 kg. rested on
the sand surface. The'figure shows that the lateral earth
pressure was 43 per cent smalier: in vessel B than in ves-
sel A—obviously due fo the lateral expansicn of the sand.

A different zffectt resultéd when the satid was sub-
jected to a violent disturbance. ‘The bottom of vessel B
was placed on remowable supports and, after a .first
series of pulling tests was: made, this botlom was

1

a R

1 Bl ¢

[y}
£ 1508
8
°
5 f
5 w0566 Fy \
& 160 { g .?ﬂ.? fand an .s;ma' ‘
T . 0
7 o #7e E
&
"

Ly .

fg=Q 5671, 'i=
No faad on sand

_H-" _ﬁ_ﬂ..ﬂ...ﬂ --ﬂ—n--ﬂ--—-.--

T A
'ﬂ.;—‘-w rE

aailg

Friction in Yassel A Fnctmn. in Vesael B

*&_ ¥ 1 ] b

FIG. 3—LATERAL PRESSURHE OF SAND
(Influence of yield and settlement).
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lowered suddenly a distance, of 2 mm. Immediately
thereafter the lateral pressure was somewhat smaller
than pefore, but in time it increased, went beyond its
original value, and after 24 hr. beca,me as great as the
la.teral pressure in vessel 4." The .increase.of the pres-
‘sure was obviously due to the gradual mutual compensa-
tion of internal frictiona) resistances similar to those
which cause the pressure in a clay cube or a layer of
sBand to «increase when ils loading iy decreased and
the height of the cube or layer is then held constant.

Further evidence for the.pressure-relieving,effect of
lateral expansion of a.mass of cohesionless sand has
been furnished by various garth-pressure tests of :\G."H.
Darwin, A. D. Donath,rand the author..

Some interesting relationg may be deduced from the
stress-strain curves of sand drawn in Fig., 4. Com-
pressing a fass of"sand held in g rigid ring gives a
stress-strain curve like the full line. The lateral pres-
sure is smaller than the .vertical pressure (load: pres-
sure) within the sand, .and corresponds :to,-earth
pressurec at rest. -From the full-line curve can be
derived (by-the use of: -Poissqn’s: ratio) the curve of
cubical cnmpreasmn representmg the atrain-effect of
pressure equal in all directions, (and therefore.com-
parable to. a capillary pressure); -this is-shown hy a
dash line. ,Suppose, nnw ‘the cumpressmn process repre-
sented by this dash.curve bé stopped at presgure cp..
Each element of the mass is now in the same condition
s a clay cube subject o capillary pressure of the same
amount p,. Hence, if the sand specimen is. furthm
loaded.in thervertical cjlrectmnaunly, hu}dmg‘, the lateral
pressure constant at amount p, and allr.;-wmg free lateral
expansion to take place under the a,ctmn, of 1ncreased
vertical load, we are; bound to obtain,a stregs-strain
curve identieal with .that; of a vertically -loaded- «clay
cube. Two such curves are ﬁhnym in Fig. 4 hbegmnmg
at the respective cybjcal pressures p, and p,; as. the {ests
on ‘clay cubes ﬂhnwed that the ratio hetween modulus
of elasticity and internal pressqre is cnnsta,nt, “We may
conclude that.the slope,, u{athe ,h:,rsteremﬁwlnnps 'in:these
two curves will have the.ratio,p,:p,. In other words, all
stregs-strain curves of; the type shown for the two free
cubes in-PFig. 4 will differ only in the; scale of their
abscissag; so that if curve g, was nbtau;ed in a,fest, the
curve p, can be drawn by simply, increasing the ahﬂc.msas
of », in the prnpnrtmn 0, Dy The truth, of 1;1113 Ej',ate-
ment.was repeatedly checked by experiments on.clay.

Clay and Sand Compared With Solids—In dlscussing
the cohesion of"clays I have prevmusly shown. that* the
ratic between the modulus of, ela.-fmrntj;,r and the internal
(intrinsic or molecular) pressure‘is a constant not,only
for clay but also for metals, Therefore the laws
expressed by Fig, L1 are mmummutejy ;uahd “for the
whole field of malerials, regardless.of whethen the
particles of the material ate kept together by molecular
attraction (solids), by a capillary pressure (clays), or
by the pressure tdue {0 the weight of the material itself
(guheamnless gands).

»Let us imagine for instance a c.uhlc.al body consisting
of ,cohesionless sand. Erom the tgsj;a already made we
may calculate that ap interpal pressure‘of 1226 kg./¢m.’
will bring the modulug_ of: elasticity ap -tg, ;200,000
kg./em?® This value is apprqxlma,,tgly equal to the value

©0fF the modulys, 6f elasticity: of ordinary concrete. The

compressive strength of the conerete, however, amounts
to not more than 300 kg./cm.} while the cube of ,sand
can carry a maximum load of about 10,000 -kg./cm,’,
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.3.q the internal pressure remains unchanged.
I;‘I;Tlliids ranging between+ zerd ‘and 300 kg./cm.? the
relations between stress and strain for sand agree far
petter with ;Hooke's law than do those for concrete.
This statement may serve as one of the- many examples
of the fact that in solid bodies the ratm'between cpm-
pressive strength and Iptrinsic, pressure 13 exceedingly
gmall, compared to the corresponding ratio for aggre-
ﬁi:re:ica? canses of the low value of this ratio for solids
1 represents one of the most attractive
problems” of modern research on re-
sistance of materials.
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earth pressure at rest, except by an indirect method
such as used by the author (see, “Old Earth-Pressure
Theories,” Enginéering N ews-Recrm:f, Sept. 20; 1920,
p. 632)+ Retaining-wall tests made by the hinged-gate
method, on the' other hand; are almost unavoidably
affected by error because of the effect of lateral expan-
sion.

Conclusions—The resulis of our comparison between

£ individual grains. Investigation of. the* ‘the physical properties of sand and of clay are pre-

sented in the table. The facts stated in the first and.
last column of the table have long been known, but
kmowledge of the causative connection however between
these two groups.of facts is new. It is a much.simpler
connection than might have been expected. 'This table,
the curves-of Fig. 4, and the partial differential equs-

tion

K. tu _tw

a o 8

represent the fundamental principles of seil mechanics
in a nutshell. They are the-key tosthe phygical explana-
tion of .whatever properties a.soil may display, in the

laboratory or in the field.
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¥ FIG. ':!»“—ETHESS-?'ljﬁiIN DIAGRAM OF SAND i
Due to the high ratio between modulus’ of elastiéity .
and internal-pressure’for sands (from 238 to 419 for , :
sandsy against 31 for fat clayg and about 10 for metals), ’
a very small lateral expansion of the'gahd cduliés 4'con-
giderable decrease of, the~lateral Eaﬁg pressure. ‘For
this readon it is "difficult to dﬁtﬁﬂ{ﬁine* "the vilue of ‘ .
; .
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SAND AND CLAY 'COMPARED A8 TO PHYBICAL
PHENOMENA AND THEIR CAUSES ’ &

- Caung PhFEiEHTEHtﬂH Afieefed .

]

Grain sizs, Aggragete initial frictioh ()
_ per unit of ?ﬂlﬂl’ﬂﬂ; ; '

" i g it

+Vigible dq:rl.!?equenua

Difference in maximum volume of
voida: About 50 per cent for
eand, shout 98 per cent for clay.

. Capillary preseure and {2) Diffierence” in shrizkege: Sand

surface tension of the
na.pil&u.ry water.

L¥d

does pot shrink in drying; clay
Hh!_:inkg?_ )

(3) pifferencﬁ in ¢ oohesion: Clean

+5p

[ 14
Grain eise and Capillary pressure: nature (4]

phape (grains  of intergranular move-
buI_E:r or, menta duripg deforme- |

pcale-like). " tion of the tnass, Pe

aand is devoid of cohesion, slay

II ;l hog hjgh G[jh&ﬁjﬂnf”

Difference in lasticity: Sand;is
not plastic, clay is very plastic.

Degreeof permeability,  (5) Differadce jn speed of adjuntment

ok |

o

to loads: Sand when loaded set-
tles to its final volumes almost at
,once, while settlement of clay
foundetionaproceedaveryalowly.,

Character ‘af  Flexibility of the partioles. (6) Difference, In compressibility of

grains,
I}

tha a ate: Band iz far lems
compressible than clay.
r 1 [ ]
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